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Ghost condensation in nonlinear gauges: Euclidean space, Minkowski space, and high temperatu

H. Sawayanagi*
Kushiro National College of Technology, Otanoshike West 2-32-1, Kushiro, 084-0916, Japan
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SU(2) gauge theory with nonlinear gauge fixing is investigated. Since this system contains a quartic ghost
interaction, there is the possibility of ghost condensation. It is shown that this condensation occurs in Euclidean
space, and gauge fields acquire tachyonic masses in the presence of a ghost condensate. We also show that
these tachyonic masses are gauge dependent. Contrastingly, there is no condensation in Minkowski space.
However, even if we are in Minkowski space, this condensation appears at high temperature, and gauge fields
get tachyonic masses.
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I. INTRODUCTION

In the study of non-Abelian gauge theories, the Abel
gauge is often used to investigate confinement@1#. In this
gauge, renormalizability requires a quartic ghost interact
@2#. Several authors studied gauge theories in this gauge,
pointed out that the quartic ghost interaction gives rise
ghost condensation@3,4#. Self-energies of off-diagonal glu
ons were also calculated under the condensation@3,4#. It is
concluded that these gluons acquire a mass, which imp
the so-called Abelian dominance. Furthermore, in theSU(2)
case, Schaden discussed the relation of the condensatio
the spontaneous breakdown ofSL(2,R) symmetry@3#. In the
case ofSU(N), the extension of thisSL(2,R) symmetry was
accomplished by the present author@5#.

Is the ghost condensation peculiar to the Abelian gau
It is worth studying this phenomenon in other gauges wit
quartic ghost interaction. TheOSp(4u2) invariant gauge@6#
was investigated by Kondo@7#. It was found that the ghos
condensation occurs, but the Becchi-Rouet-Stora~BRS!
symmetry breaks spontaneously.

In this paper, we consider nonlinear gauges@8#. Espe-
cially, we choose the gauge of Ref.@9#, which includes the
OSp(4u2) invariant gauge as a special case. Since the B
symmetry plays an important role in constructing renorm
ized gauge theories, it should be preserved. In the next
tion, we present a Lagrangian density which preserves
BRS symmetry even if the ghost condensation happe
Based on a one-loop effective potential, it is shown that
condensation occurs. In Sec. III, one-loop self-energies
gauge fields are calculated in the presence of a ghost
densate. It is found that gauge fields exhibit tachyo
masses in the infrared region. We also find that the m
found in Ref.@3# is tachyonic. These results are obtained
Euclidean space. The Minkowski case is studied in Sec.
If we carry out a straightforward calculation, the Minkows
metric prevents the ghost condensation. Despite the neg
result of Sec. IV, this condensation may happen in the
world at high temperature. In Sec. V, we show that the gh
condensation occurs at high temperature. As in the Euclid
case, gauge fields have tachyonic masses in the infrare
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gion. Section VI is devoted to summary and comments.
Appendix A, additional explanations of the Lagrangian stu
ied in this paper are given. From Appendix B to Appendix
calculational details are presented.

II. NONLINEAR GAUGES AND GHOST CONDENSATION
IN EUCLIDEAN SPACE

We study a non-Abelian gauge theory in Euclidean spa
A Lagrangian density is

L5Linv1Lg f gh , Linv5
1

4
Fmn•Fmn .

The gauge-fixing and ghost part is

Lg f gh52 idB~ c̄•F !, ~1!

whereF is a gauge-fixing function. We focus on theSU(2)
case, and use the following notation:

F•G5FAGA, ~F3G!A5 f ABCFBGC, A51,2,3.

Here the summation with respect to repeated indices is
plied. The BRS and the anti-BRS transformations@10# are

dBAm5Dmc, dBc52
g

2
c3c,

dBc̄5 iB, dBB̄5gB̄3c, ~2!

d̄BAm5Dmc̄, d̄Bc̄52
g

2
c̄3 c̄,

d̄Bc5 iB̄, d̄BB5gB3 c̄, ~3!

whereB̄52B1 igc̄3c. To obtain a covariantly gauge-fixe
action,F is often chosen as]mAm2(a/2)B. However, taking
account of the correspondence between the transforma
dB and d̄B , it is natural to includeB̄ into a gauge-fixing
function as@5#

F5]mAm2
a1

2
B1

a2

2
B̄2w, ~4!
©2003 The American Physical Society02-1
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wherea1 anda2 are gauge parameters, andw is a constant
determined below@11#. From Eqs.~1! and ~4!, we obtain

Lg f gh5B•]mAm1 i c̄•]mDmc2
a1

2
B22

a2

2
B̄22Bw. ~5!

If we setw50, Eq.~5! becomes the Lagrangian discussed
Ref. @9#. Furthermore, the choicea15a25a/2 leads to the
gauge-fixing term which is based on theOSp(4u2) space-
time supersymmetry@6#.

As B̄2 in Eq. ~5! contains a quartic ghost interaction, th
ghost condensation may happen. To see it, the auxiliary fi
w is introduced as

Lg f gh5B•~]mAm1w2w!2
a1

2
B21 i c̄•]mDmc

2 igw•~c3 c̄!1
w2

2a2
. ~6!

It is important to use the auxiliary fieldw, which becomes
a2B̄ if the equation of motion forw is used. In Appendix A,
this point is elucidated, and, to make clear the meaning ow
from another view point, Eq.~6! is derived by a functiona
integral method. Now we explain the importance of the co
stantw. In the OSp(4u2) invariant gauge@6#, it was shown
that the BRS symmetry breaks spontaneously ifigc3 c̄ ac-
quires a vacuum expectation value@7#. However, we can
preserve the BRS symmetry manifestly in Eq.~6!, even ifw
acquires a vacuum expectation value. To explain it, we
the subscriptsB and R to bare and renormalized quantitie
respectively. If we dividew into a classical partw0 and a
quantum partw8 asw(x)5w01w8(x), we can choosew to
cancel the divergent classical part@11#:

w0B2w5Zw0

1/2w0R2w50.

Thus ^0uBBu0&}^0u]mABm1wB8 u0&50 is guaranteed, and
the BRS symmetry is preserved@11#.

Hereafter, we neglect the subscriptR, for simplicity. Then
the ~anti!ghost bilinear parti c̄(h1gw03)c gives the effec-
tive action2Tr@ ln(h1gw03)# at the one-loop level. Includ
ing this contribution, a one-loop effective potential becom

VE~w0!5
w0

2

2a2
2Vgh~w0!,

Vgh5E d4k

~2p!4
ln@~2k2!21g2w0

2#. ~7!

We can calculate Eq.~7! in some ways. One way is to us
Eq. ~B6!. Using dimensional regularization, we obtain

VE~w0!5
w0

2

2a2
2

~gw0!2

~4p!2 S 1

«
1

3

2
2g1 ln 4p2

1

2
ln~gw0!2D ,

~8!
04500
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where g is the Euler number, and«5(42D)/2 with D
→4. We define renormalization constants forw0 anda2 as
w0B5Zw0

1/2w0 anda2B5Za2
a2. Since

w0B
2

2a2B
5

w0
2

2a2
2

12Zw0
Za2

21

2a2
w0

2

holds, these renormalization constants are chosen so tha
counterterm

2
12Zw0

Za2

21

2a2
w0

2

subtracts the divergence in Eq.~8!. Thus we set

12Zw0
Za2

21

2a2
w0

252
~gw0!2

~4p!2 S 1

«
2g1 ln 4p2

1

2
ln~km2!2D ,

~9!

wherem is a renormalization scale. Subtracting Eq.~9! from
Eq. ~8!, the renormalized effective potential

VE~w0!5
w0

2

2a2
1

~gw0!2

32p2 F lnS gw0

km2D 2

23G , ~10!

which satisfies the renormalization conditionV9(w0

5km2/g)51/a2, is obtained. The conditionVE8 (w0)50
gives ugw0u50 and

ugw0u5km2e128p2/a2g2
. ~11!

From VE9 (w0), we find that the latter gives the minimum o
VE(w0). Hence,w condenses.

The choicek54pe2g corresponds to the minimal sub
traction scheme. Using this scheme, and choosing the
densate in the third direction ofSU(2), Eq. ~11! gives

~gw0
A!5~0,0,v !, v54pm2e12ge28p2/a2g2

. ~12!

This condensation has the same form obtained in Refs.@3#,
@4# ~maximal Abelian gauge! and @7# @OSp(4u2) invariant
gauge#. We use the choice~12! henceforth.

We note that the conditionV8(w0)50 gives a gap equa
tion, which becomes

v
ga2

2E d4k

~2p!4

2gv

~2k2!21v2
50. ~13!

Although the auxiliary fieldw is different from a usually
used one@3,4,7#, the effective potential~8! has the same
structure that was obtained in these references. There
similar relations between anomalous dimensions found
Ref. @4# hold. First, we considerga2

5m(]/]m)a2 and gw0

5 1
2 m(]/]m)ln Zw0

. From Eq.~9!, we find

12Zw0
Za2

21

2a2
52

g2

~4p!2 S 1

«
2g1 ln 4p2

1

2
ln~km2!2D .
2-2
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If the operatorm(]/]m) operates on this expression, it give
the relation

ga2
12a2gw0

52
~a2g!2

4p2
. ~14!

Next, we consider the anomalous dimension ofv which is
defined bym(]/]m)v52gvv. Sincev5gw0, the left hand
side is rewritten as@b(g)(]/]g)2gw0

w0(]/]w0)#v. Thus
we obtain

gv52
b~g!

g
1gw0

. ~15!

If we requiregv50, we find that Eqs.~14! and~15! lead to
m@]V(w0)/]m#50, and

ga2
5

a2g2

4p2 S b0

2
2a2D , ~16!

whereb(g)52b0g3/(16p2) has been used@3,4#.

III. SELF-ENERGIES OF GAUGE FIELDS

A. One-loop calculation

In this section, we calculate the self-energies of gau
fields in the presence of the ghost condensate. In the m
mal Abelian gauge, the diagram of Fig. 1~b! contributes at
the one-loop level@3,4#. However, in the present gauge, th
vertex which contributes to the self-energies is the us
gauge-ghost-antighost three-point vertex. Therefore the
gram to be calculated is the one depicted in Fig. 1~a!.

Under the condensatevÞ0, ghost propagators are

2 iGAB~k!52 iS 2k2

~2k2!21v2

v

~2k2!21v2
0

2v

~2k2!21v2

2k2

~2k2!21v2
0

0 0
1

2k2

D .

~17!

Using Eq.~17!, the diagram in Fig. 1~a! gives the self-energy

FIG. 1. The diagrams which contribute to the one-loop se
energy of gauge fields:~a! in the nonlinear gauge, and~b! in the
maximal Abelian gauge.
04500
e
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2Pmn
AB~p!52E d4k

~2p!4
g fACDkmg fBEF~k2p!n

3~2 i !GCF~k!~2 i !GED~k2p!. ~18!

First, as Ga3(k)5G3a(k)50 (a51,2) and G12(k)5
2G21(k), the resultsPmn

a3 50 (a51,2) andPmn
12 (p)50 are

easily understood. Next, to compare with a self-energy in
maximal Abelian gauge@3,4#, we study the components

2Pmn
11 ~p!52Pmn

22 ~p!

52g2E d4k

~2p!4

k2

~2k2!21v2

3
2kmkn2kmpn2pmkn

~k2p!2
. ~19!

The calculation ofPmn
11 is outlined in Appendix C. The resul

is

2Pmn
11 ~p!52Pmn~p,0!2Pmn~p,v ! ~20!

2Pmn~p,0!52
g2

~4p!2 F2
p2

6
dmn2

1

3 S pmpn1
p2

2
dmnD

3S 1

«
2g1 ln 4p1

5

3
2 ln p2D G , ~21!

2Pmn~p,v !52
g2

~4p!2 F pmpn

6 S 2v

p2
u1~p,v !1u2~p,v !D

2
dmn

12
@vu1~p,v !12p2u2~p,v !

13vu3~p,v !#G , ~22!

where

u1~p,v !5
v

p2 F lnS 11
p4

v2D 1
v

p2 S p22 tan21
v

p2D 22G ,

~23!

u2~p,v !5 lnS 11
v2

p4D 1
v2

p4
lnS 11

p4

v2D ,

u3~p,v !52 tan21
v

p2
2

p2

v
lnS 11

v2

p4D .

Thev50 part2Pmn(p,0) is the self-energy obtained in th
generalized Lorentz gauge. Therefore, together with the c
tribution of gluon 1-loop diagrams, this part yields a wa
function renormalization.

New effects come from thev-dependent part
2Pmn(p,v). If we take the limitp2→`, we find

-

2-3
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2Pmn~p,v !→ g2

~4p!2 S dmn22
pmpn

p2 D v2

2p2
ln

p2

v
.

The asymptotic behavior}(v2/2p2)ln(p2/v), which comes
from u1(p,v) andu2(p,v), is not produced by particles with
usual masses@12#.

In the limit p2→0, we obtain

2Pmn~p,v !→ g2

~4p!2 F2pmpnS 1

2
1

1

3
ln

v

p2D
1dmnS pv

4
1

p2

3
ln

v

p2
1

p2

4 D G .

Let us study the leading term

2Pmn~p→0,v !5
g2v
64p

dmn , ~24!

which comes fromu3(p→0,v), in detail. In the maximal
Abelian gauge, the corresponding one-loop self-energy i

g2v
16p

dmn , ~25!

which is interpreted as a squared mass of the off-diago
gauge fieldsAm

a (a51,2) in Refs.@3,4#. However, the differ-
ence of the factor14 between Eqs.~24! and~25!, which stems
from the replacementkmkn→(k2/4)dmn in the integral~C2!,
implies that it is gauge dependent. Therefore it is difficult
consider it as a physical quantity. Furthermore, this s
energy must give a tachyonic mass, because

D1D~2P!D1D~2P!D~2P!D1•••;
1

p21P
,

whereD;1/p2 andP;2g2v/(64p). Since the sign of the
self-energy is crucial, we check it in the next subsection.

B. Tachyonic mass term

The ~anti!ghost bilinear parti c̄(]mDm1gw03)c gives
the effective action forAm

A as

2E d4xE d4k

~2p!4
ln@~2k2!21v212igvkmAm

3

2g2kmkn Am
AAn

A#.

The last term2g2kmkn Am
AAn

A yields the ‘‘mass’’ term

Smass
1 5E d4xg2Am

AAn
AE d4k

~2p!4

kmkn

~2k2!21v2
. ~26!

We can perform thek integral by using the variableK5k2,
or using Eqs.~B6! and ~C4!. The result is
04500
al

f-

Smass
1 5E d4x

1

2 S 2
g2v
64p DAm

AAm
A ,

which is tachyonic. In the same way, the term 2igvkmAm
3

yields the tachyonic mass term

Smass
2 5E d4x~22g2v2!Am

3 An
3E d4k

~2p!4

kmkn

@~2k2!21v2#2

5E d4x
1

2 S 2
g2v
64p DAm

3 Am
3 . ~27!

Combining Smass
1 and Smass

2 , we obtain the tachyonic mas
term

E d4x
1

2
~2mA

2 !~Am
a Am

a 12Am
3 Am

3 !, mA
25

g2v
64p

, ~28!

where Am
a Am

a 5Am
1 Am

1 1Am
2 Am

2 . Thus, not only the compo
nentsAm

a (a51,2) but also the componentAm
3 have the tachy-

onic masses in the present gauge.
We can apply the same method in the maximal Abel

gauge. The related term in this gauge is@4#

i c̄a$@Dm~A!Dm~A!#ab2«abv2g2«ac«dbAm
c Am

d %cb,

whereDm(A)ab5]mdab2g«abAm
3 . If the ghost and the an

tighost are integrated out, we obtain

e2Seff5det@h21v21g2h~An
a!222g2~]m!2~An

3!2

14g2~]mAm
3 !214gv]mAm

3 #.

Therefore an effective mass term becomes

Smass5E d4xFg2~Am
a !2E d4k

~2p!4

k2

~2k2!21v2

1g2~Am
3 !2E d4k

~2p!4 S 2k2

~2k2!21v2

2
2v2k2

@~2k2!21v2#2D G
5E d4x

1

2
~24mA

2 !Am
a Am

a ,

wheremA
2 is defined in Eq.~28!. As was stated, the tachyoni

mass term forAm
a appears in the maximal Abelian gauge, to

In contrast with Eq.~28!, Am
3 has no tachyonic mass in th

maximal Abelian gauge.
What is the meaning of these tachyonic masses? A sh

distance tachyonic gluon mass was introduced phenom
logically in Ref. @13#. The relation between this tachyon
mass and the condensate^(Am

A)2& was also discussed@14#. As
the tachyonic masses in Eq.~28! appear in the infrared re
gion, they might have no relation with tachyonic mass
Ref. @13#. Since a tachyonic mass indicates an instabi
2-4
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anyway, the above result might imply that, instead of gluo
states, hadronized states should be used in the infrare
gion. The relation between the ghost condensation and
finement will be discussed in another paper.

IV. MINKOWSKI SPACE

In Sec. II, we have shown that the ghost condensa
happens in Euclidean space. However, in Minkowski spa
a different result is derived. To see it, we consider the o
loop effective potential in Minkowski space:

VM~w0!5
w0

2

2a2
1 iVgh, ~29!

whereVgh is defined in Eq.~7!. Even ifk25k0
22k2 vanishes,

the integrand ln@(2k2)21v2# is regular if vÞ0. Therefore,
the one-loop contributioniVgh must be imaginary. In fact, in
Appendix D, we show that

iVgh5E d3k

~2p!3
~E1

u 1E2
u !, ~30!

whereE6
s (s5u,l ) are the square roots of (k26 iv) defined

in Eq. ~D4!. As E1
u 1E2

u is imaginary,iVgh is also imaginary.
Now we calculateVgh explicitly. Although Eq.~B6! was

applied in Sec. II, Eq.~B7! must be used here. Taking th
limit a→0 in Eq. ~B7!, we find

E dDk

~2p!D
ln~2k26 iv !56 i

GS 2
D

2 D
~4p!D/2

~6 iv !D/2. ~31!

Equation~31! contains divergences. However, when Eq.~31!
is substituted intoiVgh, these divergences cancel out. Th
cancellation is due to the first6 sign on the right hand side
of Eq. ~31!, which is absent in the Euclidean formula~B6!.
Thus we obtain

iVgh5E dDk

~2p!D
@ ln~2k21 iv !1 ln~2k22 iv !#

5
v2

32p2
ln~21!. ~32!

As stated,iVgh is imaginary. From Eqs.~29!, ~32! and~C4!,
we obtain

VM~w0!5
w0

2

2a2
2 i

~gw0!2

32p
. ~33!

It is evident thatVM8 (w0)50 gives w050. That is, the
ghost condensation does not happen in Minkowski spac
04500
c
re-
n-

n
e,
-

V. HIGH TEMPERATURE CASE

A. Ghost condensation

At high temperature, a gauge theory in Minkowski spa
reduces to a gauge theory with scalar fields in thr
dimensional Euclidean space@15#. If temperatureT51/b is
high, a leading contribution comes from an effective thre
dimensional Euclidean part of the system. Therefore, we
apply Eq.~B6! instead of Eq.~B7! to the leading part, and
the ghost condensation may occur.

We use the imaginary time formalism. The effective p
tential is

VT~w0!5
w0

2

2a2
2Vgh

b , ~34!

Vgh
b 5T (

n52`

` E d3k

~2p!3
ln@~k21vn

2!21~gw0!2#,

~35!

where vn52pnT with n5 integer, andgw0 is chosen as
gw05(0,0,v) with v>0. We notice, in contrast with Eq
~30!, Eq. ~35! is real.

In Appendix E, the integral

J6~v !5T(
n
E dDk

~2p!D
ln~k21vn

26 iv ! ~36!

is calculated forD→3. At high T, the result is given in Eq.
~E7!. As Vgh

b 5J1(v)1J2(v) with D53, we find

Vgh
b 52

2p2

45b4
2

1

6pb
@~ iv !3/21~2 iv !3/2#

1
v2

16p2 S 1

«
1g2 ln 4p1 ln b2D1O~b2v3!. ~37!

Substituting Eq.~37! into Eq. ~34!, the potential becomes

VT~w0!5
w0

2

2a2
1

2p2

45b4
2

A2v3/2

6pb
2

v2

16p2

3S 1

«
1g2 ln 4p1 ln b2D1O~b2v3!. ~38!

To obtain the term ofO(v3/2/b), v1/2e6 ip/2 has been used a
the square root (6 iv)1/2. This term, which is the contribu
tion of the effective three-dimensional part, comes from
n50 part in Eq.~35!:

TE d3k

~2p!3
ln@~k2!21v2#.

This integral can be calculated directly, and gives the ab
term. That is, the above choice of the arguments is neces
to obtain the correct result.

Since Eq.~38! contains the divergence, we rewrite it as
2-5



-

la

ve

m of

elf-

atic
o-

.

s.
t
e

glu-

H. SAWAYANAGI PHYSICAL REVIEW D 67, 045002 ~2003!
VT~w0!5VE~w0!1Vb~w0!. ~39!

Here,VE(w0) is the Euclidean effective potential~8!, and a
finite temperature contribution is

Vb~w0!5
2p2

45b4
2

A2v3/2

6pb
2

v2

16p2
ln vb21

cv2

16p2
1O~b2v3!,

~40!

wherec53/212 ln 4p22g @16#. VE(w0) is renormalized as
Eq. ~10!. Thus, at high temperature withAvb!1, we find

VT~w0!5
v2

2g2a2

2
A2v3/2

6pb
1O~v2ln Avb!1•••. ~41!

The conditionVT8(w0)50 givesv50 and

v.SA2a2

4p
g2TD 2

. ~42!

At w05v/g with v given by Eq. ~42!, we find VT9(w0)
51/(2a2)1O(g2ln a2g

2).0. Therefore, the ghost conden
sate~42! appears at high temperature.

Before closing this subsection, we comment on the re
tion between the potential at finite temperature~34! and that
in Minkowski space~29!. Since the formula

(
n52`

`
1

z21~np!2
5

cothz

z

holds for the complex variablez25(k26 iv)/(2T)2, we ap-
ply it to Eq. ~E1!. The result is

dJ6~v !

dv
5

6 i

2 E dDk

~2p!D

1

E6
s

cothS E6
s

2T D ,

whereE6
s (s5u,l ) are defined in Eq.~D4!. After integrating

it by v, we obtain

J6~v !5J6
0 1J6

b ,

J6
0 5E dDk

~2p!D
E6

s , ~43!

J6
b 5

2

bE dDk

~2p!D
ln~12e2bE6

s
!. ~44!

As usual,J6
0 is a T50 part, andJ6

b , which vanishes at the
low temperature limitT51/b→0, is a finite temperature
part @16#. WhenD53, 2(J1

0 1J2
0 ) in 2Vgh

b coincides with
Eq. ~30!. Therefore, we have to chooseE6

l 52E6
u asE6

s in
Eqs.~43! and ~44!. Thus we find
04500
-

VT~w0!5VM~w0!2
2

bE d3k

~2p!3
ln~12e2bE1

l
!~12e2bE2

l
!.

B. Magnetic mass?

The mass scale obtained in Eq.~42! is Av;O(g2T). We
note thatgAT is the gauge coupling constant of the effecti
three-dimensional theory. The mass ofO(g2T) has been dis-
cussed as a magnetic mass to relieve the infrared proble
high temperature QCD@15,17#. Is the condensation~42! re-
lated to the magnetic mass? To see it, we study the s
energies of the gauge fields in the infrared limitp→0. As is
known, the infrared problem is caused by the magnetost
componentsAi

A(x), i.e. the time-independent space comp
nents of the gauge fieldsAm

A(t,x) @15,17#. Therefore, we
calculate the effective ‘‘mass’’ terms~26! and ~27! for the
magnetostatic componentsAi

A(x). In the present case, Eq
~26! gives

Smass
1 ;

1

2E0

b

dtE d3xAi
A~x!Aj

A~x!

32g2T (
n52`

` E d3k

~2p!3

kikj

@~2npT!21k2#21v2

5
1

2E0

b

dtE d3xAj
A~x!Aj

A~x!

3
2

3
g2TE d3k

~2p!3 S k2

~k2!21v2

12(
n51

` k2

@~2npT!21k2#21v2D .

At high temperature (T@Av), we can carry out thek inte-
gral. The result is

Smass
1 ;

1

2E0

b

dtE d3xAj
A~x!Aj

A~x!

3S 2
A2

12p
g2TAv1

1

12
g2T21O@~gbv !2# D ,

~45!

where the first term comes from the static (n50) part, and
the nonstatic (nÞ0) contribution gives the remaining term
We note that the second term in Eq.~45! is the largest term a
high T. However, as is known, the 1-loop contribution of th
gauge fields cancels out this term. That is, magnetostatic
2-6
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ons do not acquire a Debye mass ofO(gT) @17#. In the same
way, Eq.~27! leads to the expression

Smass
2 ;

1

2E0

b

dtE d3xAi
3~x!Aj

3~x!

3~24g2v2T! (
n52`

` E d3k

~2p!3

3
kikj

$@~2npT!21k2#21v2%2

5
1

2E0

b

dtE d3xAj
3~x!Aj

3~x!

3S 2
A2

24p
g2TAv1O@~gbv !2# D , ~46!

where the first term comes from then50 part, and there is
no term ofO(g2T2). Thus, from Eqs.~45!, ~46! and~42!, we
obtain the tachyonic mass terms

E
0

b

dtE d3x
1

2 S 2
a2

24p2
~g2T!2D

3S Aj
a~x!Aj

a~x!1
3

2
Aj

3~x!Aj
3~x! D . ~47!

These ‘‘masses’’ are on the order ofg2T, which is the ex-
pected order of a magnetic mass. However, as in the f
dimensional Euclidean case, it is tachyonic.

VI. SUMMARY AND COMMENTS

In this paper, theSU(2) gauge theory has been studied
the nonlinear gauge. To see the possibility of the ghost c
densation, the auxiliary fieldw5a2B̄ with B̄52B1 igc

3 c̄ has been introduced so as to preserve the BRS symm
even if w acquires a vacuum expectation value^w&Þ0. We
have shown̂w&Þ0 at the one-loop level in Euclidean spac
The self-energy of gauge fields^Am

AAn
B& was calculated in the

presence of the condensate^w&Þ0. Whereas it behaves a
}(v2/p2)ln(p2/v) in the limit p2→`, it exhibits a tachyonic
mass in the limitp2→0. We also showed that a tachyon
mass is obtained in the maximal Abelian gauge, too. T
result is different from that of Ref.@3#, and coincides with
the recent result of Ref.@18#, if the Euclidean metric is em
ployed. It is important to note that the values of the tach
onic masses in the present nonlinear gauge and in the m
mal Abelian gauge are different from each other. That is,
tachyonic mass of gauge fields is gauge dependent.

Contrastingly, if we perform a straightforward calculatio
the ghost condensation does not occur in Minkowski spa
Because of the Minkowski metric, the square of a four m
mentum isk25k0

22k2. The different sign of the componen
g00 of the metric tensor plays a crucial role in carrying o
momentum integrations. In some articles, the Minkow
metric is used, and the Wick rotationk0→ ik0 is assumed
04500
r-

n-

try

.

is

-
xi-
e

e.
-

t
i

@4,18,19#. However, as was explained in Appendix D, th
treatment is problematic. The appearance of the mass
off-diagonal gluons@4# is also dubious.

Although the ghost condensation does not occur
Minkowski space at zero temperature, it appears at high t
perature. The point of this result is the reduction of a gau
theory in Minkowski space to that in three-dimensional E
clidean space. The condensationAg^w& is of O(g2T), which
is a typical mass scale in three-dimensional gauge theo
In the limit p2→0, the magnetostatic components of t
gauge field acquire tachyonic masses ofO(g2T).

The meaning of these tachyonic masses will be discus
in another paper.

Historically, the propagator which behaves as

k2

k41v2
~48!

was obtained by Gribov@20#. By restricting the functional
integral of gauge fields inside the Gribov horizon, glu
propagators have this behavior@20,21#. Furthermore, the
condition of this restriction is

E dDk

~2p!D

1

~k2!21v2
5c, ~49!

wherev25k4 in the Gribov’s notation@20#, andv25g in the
Zwanziger’s notation@21#. It is emphasized that the mode
with Eq. ~48! is not a physical Minkowski model but a Eu
clidean model@21#. To obtain physical results in Minkowsk
space from the Euclidean model, two-point functions
gauge invariant operators were discussed in Ref.@21#. Al-
though we carried out a straightforward calculation in S
IV, a subtle analysis might be necessary to derive phys
results in Minkowski space.

The condition~49! resembles the gap equation~13!. Thus
the ghost condensation might be related to the Gribov am
guity @20#. This point will be discussed in the subseque
paper.

APPENDIX A

In this appendix, we make a comment on Eq.~6!. As B̄

52B1 igc̄3c, Eq. ~5! is written as

Lg f gh5B•@]mAm1a2~ igc̄3c!2w#2
a11a2

2
B2

1 i c̄]mDmc2
a2

2
~ igc̄3c!2.

Usually, the auxiliary fieldf;a2( igc̄3c) is introduced
@3,4,7#. In the present case, we obtain
2-7
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B•@]mAm1a2~ igc̄3c!2w#2
a11a2

2
B21 i c̄]mDmc

2f•~ igc̄3c!1
1

2a2
f2.

However, in contrast with Eq.~6!, the term which is propor-
tional to B containsa2( igc̄3c) instead off. Therefore,
whenf acquires a vacuum expectation value, we cannot
directly whether the BRS symmetry breaks or not. If w
replace the auxiliary field asf5w1a2B, we can avoid this
problem, and obtain Eq.~6!.

The auxiliary fieldwA(x) has another meaning. To see
we rederive Eq.~6! by a functional integral method. In thi
method, a gauge-fixing and a ghost term come from

D fd„f ~A!…, ~A1!
th

d

on

m
al

he

04500
ee

where f (A)50 is a gauge-fixing condition, andD f is the
corresponding Faddeev-Popov~FP! determinant. Asf (A),
we choose

f A~A!5]mAm
A2aA1wA2wA, ~A2!

where the functionaA(x) and the constantwA belong to the
singlet representation ofSU(2), whereaswA(x) belongs to
the adjoint representation. Therefore the FP determinant
comes

D f5det~]mDm1gw3 !}E Dc̄Dce2 i c̄(]mDm1gw3)c.

~A3!

Multiplying Eq. ~A1! by the constants*Da exp(2a2/
2a1), *DBexp$(a1/2)@B2(1/a1)(]mAm1w2w)#2% and
*Dw exp(2w2/2a2), Eq. ~A1! becomes
E Dc̄DcDwDBe[(a1/2)B22B(]mAm1w2w)2 i c̄(]mDm1gw3)c2(w2/2a2)] ,
u-
t

where Eq.~A3! has been used. This expression gives
Lagrangian density~6!. That is,w(x) is the function in the
adjoint representation appearing in the gauge-fixing con
tion.

We note that the general case, which contains functi
transforming nontrivially underSU(N) in f (A), is studied in
Ref. @8#.

APPENDIX B

It is necessary to calculate the integral

I 7~v !5E dDk

~2p!D
~s7!2a, s7~k,v !5U7k22 iv,

~B1!

where U may contain external momenta and some para
eters. As we consider not only the Euclidean case but
the Minkowski case, it is convenient to use the identity@11#

s7
2a5

i a

G~a!
E

0

`

~e2 i ts7!ta21dt, Re~a!.0,Im~s7!,0,

~B2!

which is derived from the integral representation of t
gamma functionG(a). Substituting Eq.~B2! into Eq. ~B1!,
we find

I 7~v !5
i a

G~a!
E

0

`

dt ta21E dDk

~2p!D
e2 i ts7. ~B3!

Since
e

i-

s

-
so

E
2`

`

dkje
6 i tk j

2
5A6 ip

t
,

the k integral is performed as

E dDke6 ik2t5S 6 ip

t D n/2S 7 ip

t D (D2n)/2

5~6 i !n2(D/2)S p

t D D/2

, ~B4!

where we have assumedk25k1
21•••1kn

22kn11
2 2•••

2kD
2 . Substituting Eq.~B4! into Eq. ~B3!, and using Eq.

~B2! again, we obtain

I 7~v !5
i a

G~a!

~6 i !n

~64p i !D/2E0

`

dte2 i (U2 iv)tta2D/221

5
~6 i !n

~64p!D/2

GS a2
D

2 D
G~a!

~U2 iv !2(a2D/2). ~B5!

The factor (6 i )n produces a difference between the E
clidean case and the Minkowski case. To see it, we seU
50, and consider the Euclidean case (n5D, in this paper!.
We find Eq.~B5! gives

E dDk

~2p!D

1

~7k22 iv !a
5

1

~4p!D/2

GS a2
D

2 D
G~a!

3~2 iv !2a~6 iv !D/2. ~B6!
2-8
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In the Minkowski case (n51), Eq. ~B5! becomes

E dDk

~2p!D

1

~7k22 iv !a
56 i

1

~4p!D/2

GS a2
D

2 D
G~a!

3~2 iv !2a~7 iv !D/2. ~B7!

The first 6 sign on the right hand side of Eq.~B7!, that is
absent in Eq.~B6!, plays a decisive role in Sec. IV. This6
sign is related to the direction of the so-called Wick rotatio
The relation is explained in Appendix D.

APPENDIX C

To calculate Eq.~19!, we consider the integral

Lmn
6 ~p!5E d4k

~2p!4

km~k2p!n

~k26 iv !~k2p!2
. ~C1!

Using the Feynmann parametrization and shifting the v
ablekm to km1xpm , Lmn

6 (p) becomes

E
0

1

dxE d4k

~2p!4

kmkn1x~x21!pmpn

@k21x~12x!p26~12x!iv#2
. ~C2!

In four-dimensional Euclidean space,kmkn in the numerator
is replaced byk2dmn/4. We use the dimensional regulariz
tion, and apply Eq.~B5! with n5D to Eq.~C2!. The result is

Lmn
6 ~p!52

1

~4p!2

dmn

2 E
0

1

dx@x~12x!p26~12x!iv#

3@N~p2,v,x!11#1
1

~4p!2
pmpn

3E
0

1

dxx~x21!N~p2,v,x!, ~C3!

where

N~p2,v,x!5
1

«
2g1 ln 4p2 ln@x~12x!p26~12x!iv#.

SinceLmn
6 (p)5Lnm

6 (p), we find

2Pmn
11 ~p!52g2@Lmn

1 ~p!1Lmn
2 ~p!#

52
g2

~4p!2 F2
1

3 S pmpn1
p2

2
dmnD

3S 1

«
2g1 ln 4p D2

p2dmn

6
1S pmpn1

p2

2
dmnD

3E
0

1

dxx~12x!@ ln~x2p41v2!1 ln~12x!2#
04500
.

i-

1
iv
2

dmnE
0

1

dx~12x!ln
xp21 iv

xp22 iv
G .

Carrying out thex integral, and using the relation

lnS p22 iv

p21 iv
D 522i tan21

v

p2
, ~C4!

Eq. ~20! is obtained.

APPENDIX D

In this appendix, we prove Eq.~30!. Differentiating

K~v !5 i E
2`

`

dk0ln@~k0
22k2!21v2#

by v, we find

dK~v !

dv
5E

2`

`

dk0S 1

k0
22E1

2
2

1

k0
22E2

2 D , ~D1!

whereE6
2 5k26 iv. We consider the complex integral

E
C
dzS 1

z22E1
2

2
1

z22E2
2 D . ~D2!

If the anticlockwise contourCu in Fig. 2~a! is chosen, Eq.
~D2! gives

dK~v !

dv
52p i @Res~E1

u !2Res~E2
u !#5p i S 1

E1
u

2
1

E2
u D ,

~D3!

whereE6
s (s5u,l ) are the square roots ofE6

2 :

E6
u 56@~k2!21v2#1/4e6 iu/2,

E6
l 57@~k2!21v2#1/4e6 iu/2,

u5tan21~v/k2!. ~D4!

Thus, integrating Eq.~D3! by v, we obtain

K~v !52p~E1
u 1E2

u !.

FIG. 2. Contours and poles in the complexk0 plane.
2-9
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Since

iVgh5E d3k

~2p!4
K~v !,

Eq. ~30! holds.
We note that we can choose the clockwise contourCl . As

E6
u 52E6

l , Eq. ~D3! is obtained again.
We make a comment. To carry outk0 integral in

Minkowski space, the replacementk0→ ik0 is often used.
However, we cannot apply it to integrals with 1/@(k0

22k2)2

1v2#. In Eq. ~D1!, we can apply it for the second part

E
2`

`

dk0

1

k0
22E2

2
,

because the replacementk0→ ik0 corresponds to the contou
C1 in Fig. 2~b!. Contrastingly, the first part

E
2`

`

dk0

1

k0
22E1

2

contains the polesE1
s (s5u,l ) insideC1 . Therefore, if the

replacementk0→ ik0 is applied to this part, the residues
E1

s (s5u,l ) must be added. Instead of taking these resid
into account, we can use the contourC2 , which implies the
replacementk0→2 ik0. The difference of the sign6 ik0 cor-
responds to the first6 sign in Eq.~B7!.

APPENDIX E

We calculateJ6 defined in Eq.~36! for D53. If we dif-
ferentiateJ6 by v, we obtain

dJ6~v !

dv
5T(

n
E dDk

~2p!D

6 i

k21vn
26 iv

~E1!

5
6 i

b E dDk

~2p!D

1

k26 iv

1
62i

b (
n51

` E dDk

~2p!D

1

k21vn
26 iv

. ~E2!

Using Eq.~B5! with a51 andn5D, the first term on the
right hand side becomes

6 i

b E d3k

~2p!3

1

k26 iv
5

7 i

4pb
~6 iv !1/2, ~E3!
0

04500
s

where we setD53. In the same way, the second term b
comes

62i

b (
n51

` E dDk

~2p!D

1

k21vn
26 iv

5
62i

b

G~12D/2!

~4p!D/2 (
n51

`

@vn
26 iv# (D/221). ~E4!

We use the dimensional regularization, that isD5322«,
since Eq.~E4! diverges atD53. Then, substituting Eq.~E3!
and ~E4! into Eq. ~E2!, and integrating it byv, we obtain

J6~v !52
1

6pb
~6 iv !3/22

2p3/22«

b422«
GS 2

3

2
1« D

3 (
n51

` Fn26 i S b

2p D 2

vG3/22«

. ~E5!

Now we perform a high temperature expansion@16#. For
T@Av, we find the expansion

(
n51

` Fn26 i S b

2p D 2

vG3/22«

5z~2312«!6 i S 3

2
2« D vb2

4p2
z~2112«!

2
1

8
~322«!~122«!S vb2

4p2D 2

z~112«!1O~b6!,

~E6!

wherez(a)5(n51
` 1/na is the zeta function. Substituting Eq

~E6! into Eq. ~E5!, and using G(«21/2)522Ap@1
2«(2 ln 21g22)#1O(«2) and z(112«)51/(2«)1g
1O(«), we obtain

J6~v !52
1

6pb
~6 iv !3/22

p2

45b4
6

iv

12b2

1
v2

32p2 S 1

«
1g2 ln 4p2 ln T2D1O~b2v3!.

~E7!
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